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SUMMARY 
A new incompress ib l e  l i f t i ng - su r face  theo ry  is developed  for  th in  rec tan-  
gular  wings.  The s o l u t i o n  r e q u i r e s  t h e  downwash equa t ion  to  be  i n  t h e  form  of 
Cauchy-type i n t e g r a l s .  L a n ' s  method is  employed f o r  t h e  c h o r d w i s e  i n t e g r a l s  
s i n c e  i t  proper ly  accounts  for  the  lead ing-edge  s ingular i ty ,  Cauchy s i n g u l a r i t y  
and  Kutta  condition. The Cauchy s i n g u l a r i t y  i n  t h e  s p a n w i s e  i n t e g r a l  is a l s o  
accounted for  by us ing  the  midpo in t  t r apezo ida l  ru l e  and theory of Chebychev 
polynomials. The r e su l t i ng  ma t r ix  equa t ion ,  formed  by sa t i s fy ing  the  boundary  
cond i t ion  a t  c o n t r o l  p o i n t s ,  i s  s impl i e r  and qu icke r  t o  compute than other  l i f t -  
i ng  su r face  theo r i e s .  So lu t ions  were found to  converge  wi th  only  a small num- 
ber  of  cont ro l  po in ts  and  to  compare  favorably  wi th  resu l t s  f rom other  methods .  
INTRODUCTION 
Numerous subsonic  l i f t ing  sur face  theor ies  have  been  developed  for  th in  
wings  over  the  pas t  th i r ty  years .  A comparison of three of the more prominent 
numerical methods i n  1968 is  g i v e n  i n  r e f e r e n c e  1. Although a l l  t h e s e  methods 
g i v e  e s s e n t i a l l y  t h e  same re su l t s ,  t hey  r equ i r e  t ed ious  in t eg ra t ion  t echn iques  
and  consume considerable  computat ional  t i m e .  Vortex l a t t i ce  methods are s i m -  
p l e r  and can be appl ied to  more  complex conf igu ra t ions ;  however, they are gen- 
e r a l l y  less accura t e  than  l i f t i ng  su r face  me thods .  This author developed a 
l i f t i n g  s u r f a c e  method f o r  t h i n  r e c t a n g u l a r  w i n g s  ( r e f .  2 )  which can also be 
i n t e r p r e t e d  as a v o r t e x  l a t t i ce  method.  The present paper examines the conver- 
gence of  solut ions and compares  resul ts  with those of t h e  NRL (National Aero- 
space Laboratory,  Netherlands) method g i v e n  i n  r e f e r e n c e  1. 
SYMBOLS 
A a s p e c t   r a t i o  
b wing  span 
C wing  chord 
~ ~~~~~ 
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CR sectional  lift  coefficient 
Cd sectional  drag  coefficient 
cD 
far-field  induced-drag  coefficient 
i 
cD 
near-field  induced-drag  coefficient 
ii 
cL wing  lift  coefficient 
cM 
wing  pitching-moment  coefficient,  about  leading  edge 
cS 
leading-edge  suction  parameter,  see  eq.  (13) 
G parameter  defined  byq. (10) 
Kij kR parameter  defined  by  eq.  (15) 
M-1 number of spanwise control points over whole span 
N  number  of  chordwise  control  points 
NLR National  Aerospace  Laboratory,  Netherlands 
S wing  planform  area
v, 
\ 
freestream  velocity 
W non-dimensional downwash velocity, referred to V, and positive up- 
wards 
X chordwise coordinate measured from leading edge in direction of V, 
X ac’ ‘ac sectional  and  wing  aerodynamic-center  locations,  respectively 
Y  spanwise  coordinate,  positive  to the  right 
a angle  of attack
Y non-dimensional  circulation  per  unit  chord 
r circulation 
e transformed  chordwise  coordinate,  see  eq. (7) 
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4 transformed  spanwise  coordinate,  see eq. (8) 
Subscr ipts :  
i chordwise   cont ro l   p in t ,  see eq. (5) 
j spanwise   cont ro l   p in t ,  see eq.  (17) 
k chordwise   in tegra t ion   po in t ,  see eq. ( 4 )  
R spanwise   in tegra t ion   po in t ,  see eq. (16) 
P evaluated a t  spanwise  posi t ion r$ = pr/M 
P 
ANALYSIS 
For  s impl i c i ty ,  t he  p re sen t  method is  developed for  rectangular  
wings. The downwash equa t ion  f ro r r  l i f t i ng  su r face  theo ry  is  usua l ly  g iven  by 
one of  the two fol lowing forms (ref .  3 ) :  
o r  
Equation (1) is t h e  form  used  by t h e  t h r e e  methods  compared i n  r e f e r e n c e  1. It 
con ta ins  the  Mang le r - type  in t eg ra l  due  to  the  term (y - ~ 1 ) ~  i n  t h e  denominator 
Equation (2), however ,  contains  Cauchy-type integrals  s ince the terms (y - y1) 
and  (x - XI) i n  t h e  denominator are l i n e a r .  The p resen t  method r e q u i r e s  t h e  
downwash t o  b e  i n  t h e  f o r m  of equation ( 2 ) .  
In  order  to  unders tand  the  deve lopment  of  the present method, con- 
s ider   the   two-dimens iona l   p roblem  f i r s t .  Lan ( r e f .  4 )  developed  an  ingenious 
method f o r  t h i n  a i r f o i l s  by us ing  the  midpo in t  t r apezo ida l  ru l e  and the  theo ry  
of Chebychev polynomials to  reduce the two-dimensional  downwash i n t e g r a l  
(Cauchy-type i n t e g r a l )  t o  a f i n i t e  sum. The remarkable  accuracy  of  this  tech- 
n ique  i s  due to  the  fo l lowing  summat iona l  r e su l t :  
2 
N 
( 5  = 0 )  
1 
1 cos e - cos e = ( i  P O , N )  k = l  k i 




e =  (2k -  IT k 2N ( k  = 1, ..., N )  
are t h e  i n t e g r a t i o n  p o i n t s  and 
are the  cont ro l  po in ts  (pos i t ions  where  the  boundary  condi t ion  is a p p l i e d ) .  
N o t e  t h e  s i m i l a r i t y  of equat ion ( 3 )  t o  t h e  i n t e g r a l  r e s u l t  
Lan used these equations to develop the two-dimensional downwash summation which 
p rope r ly  accoun t s  fo r  t he  Cauchy s ingular i ty ,  the leading-edge square-root  s in-  
g u l a r i t y ,  and the  Ku t t a  cond i t ion  a t  t h e  t r a i l i n g  e d g e .  
Since equation (2) contains Cauchy-type integrals,  Lan's approach 
w i l l  be  appl ied  to  both  the  chordwise  and  spanwise  in tegra ls .  F i r s t ,  t ransform 
the chordwise coordinate  by 
2x/c = 1 - cos e (7)  
and the spanwise coordinate by 
Then,  use  Mul thopp ' s  in te rpola t ion  formula  to  represent  the  c i rcu la t ion  per  
un i t  chord  by the  t r igonometr ic  sum 
where t h e  s u b s c r i p t  "p" r e f e r s  t o  t h e  s p a n w i s e  p o s i t i o n  $p = pv/M and (M - 1 )  
r e p r e s e n t s  t h e  number of   spanwise   cont ro l   po in ts .   Subs t i tu te   equa t ions  ( 7 ) ,  
( 8 ) ,  and (9)  i n to   equa t ion  (2)  and   cons ide r   t he   cho rdwise   i n t eg ra l   f i r s t .  With 
the  chordwise  in tegra ls  are 
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The i n t e g r a l  o n  the r i g h t   s i d e  can be  reduced  to  a f i n i t e  sum by the midpoint  
t r a p e z o i d a l  r u l e ;  and equa t ions  (3) and ( 6 )  can be used t o  accoun t  fo r  t he  
leading-edge s ingular i ty ,  Cauchy s i n g u l a r i t y ,  a n d  K u t t a  c o n d i t i o n  ( y p ( ~ )  = 0 )  as 
shown below: 
) s i n  8 G del 1 [yp(9,) sin 8 G - ~ ~ ( € 3 )  s i n 0 Alcos 4 - cos 41 Idel 1 1 
cos e - cos e 1 cos e - cos e 
0 0 
1 
IT N y (8,) s i n  ek 
5z- 1 p 
k= l  cos e - k 
where  8k are the   chordwise   i n t eg ra t ion   po in t s   g iven  by equation  (4)  and are 
the  chordwise  con t ro l  po in t s  g iven  by equat ion (5).  The  leading-edge  suction 
parameter is def ined as 
4cs = l i m  y (8) s i n  8 
P e-+o P 
Now s u b s t i t u t e  e q u a t i o n  (12)  i n to  equa t ion  ( 2 )  and perform the spanwise inte- 
g r a t i o n  i n  a somewhat similar manner ,  account ing for  the Cauchy s i n g u l a r i t y ,  t o  
o b t a i n  t h e  f i n a l  f o r m  of t h e  downwash as 
where 
The  spanwise  in tegra t ion  poin ts  are 
(2R - 1)Tr 
$2 = 2M ( R  = 1, ..., M )  
and the  spanwise  con t ro l  po in t s  are 
4j - jT/M ( j  = I, ..., M - 1 \ (17) - 
The tangent-flow boundary condition f o r  f l a t  w ings  r equ i r e s  tha t  wi = - a. ,j 
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I 
The N(M - 1) values  of  y ,k are ca l cu la t ed  by  so lv ing  the  ma t r ix  equa t ion  formed 
by applying equation (147 for i # 0 a t  the chordwise and spanwise control points 
given by equat ions (5) and  (17).  Then a f t e r  t h e  yp,k are c a l c u l a t e d ,  t h e  ("1) 
leading-edge suct ion parameters  C s  can  be  computed  by success ive ly  apply ing  
equation (14) w i t h  i = 0 ( c o n t r o l  p o i n t  a t  the  l ead ing  edge )  a t  the spanwise 
p o s i t i o n s  j = 1, ..., M - 1. Regard less  of  the  number (N) of  chordwise  control 
po in t sused ,  t he re  i s  always a c o n t r o l  p o i n t  a t  the  t ra i l ing  edge  which  accounts  
f o r  t h e  K u t t a  c o n d i t i o n ,  and a n o t h e r  c o n t r o l  p o i n t  a t  the leading edge which 
g ives  the  lead ing-edge  suc t ion  parameter ,  if d e s i r e d .  
j 
The s e c t i o n a l  and wing aerodynamic c h a r a c t e r i s t i c s  may  now be  cal- 
cu la t ed  by u s i n g  t h e  m i d p o i n t  t r a p e z o i d a l  r u l e  t o  r e d u c e  t h e  i n t e g r a l s  t o  f i -  
n i t e  sums, as i l l u s t r a t e d  below: 
The spanwise 
b/2 M-1 
c dy/S - 1 (cRIp s i n  @ 




CD = c L o l - -  ITM 1 cS s i n  
ii j= l  j 
loading  can  be  made continuous by equat i o n  (9) , and the chordwise 
loading  can  a l so  be  made continuous by f i t t i n g  C s j  and y j , k  to  the  chordwise  
l o a d i n g  f u n c t i o n s  f o r  t h i n  a i r f o i l  t h e o r y .  
RESULTS AND DISCUSSION 
For  one control  point  (N = 1, M = 2) t h e  p r e s e n t  method y i e l d s  
cL/a = r A / ( l  + 7 1 + A /2)  and CD = CL/TA 2 
i 
T h e s e  r e s u l t s  g i v e  t h e  c o r r e c t  l i m i t  as A -f 0, b u t  j u s t  as Lan found f o r  air- 
f o i l s ,  a t  least two chordwise  con t ro l  po in t s  are needed t o  g e t  a n  a c c u r a t e  
p i t c h i n g  moment. Reference 2 showed t h a t  t h e  p r e s e n t  s p a n w i s e  i n t e g r a t i o n  
method g i v e s  t h e  exact classical s o l u t i o n  t o  P r a n d t l ' s  l i f t i n g  l i n e  e q u a t i o n .  
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Table 1 g ives  a de ta i led  compar ison  of  the  present  method w i t h  t h e  
NLR method ( r e f .  1) f o r  an A = 2 r ec t angu la r  wing w i t h  N = 4 and M = 16. A l -  
though the NLR method used 15 spanwise loading funct ions,  127 spanwise integra-  
t i o n  p o i n t s  were employed. Excellent agreement is  obtained between the two 
methods f o r  t h e  l i f t ,  p i t c h i n g  moment, aerodynamic center, fa r - f ie ld  drag ,  and  
spanwise l i f t  d i s t r i b u t i o n .  The spanwise var ia t ion of  sect ion drag and aero-  
dynamic center compares w e l l  except  near  the  wing  t ips ,  and  the  near - f ie ld  drag  
v a l u e s  d i f f e r .  A s  noted i n  r e f e r e n c e  1, a t  least 8 chordwise  cont ro l  po in ts  
are needed to  ge t  conve rgence  o f  t he  sec t ion  d rag  nea r  t he  wing t i p s  and t h e  
near - f ie ld  drag .  The computational t i m e  r e q u i r e d  f o r  t h e  r e s u l t s  i n  T a b l e  1 
w a s  22 minu tes  fo r  t he  NLR method on a CDC'3300 computer,  whereas the present 
method required less than 10 seconds on an IBM 370/165 computer. 
The e f f e c t s  of t h e  number of  control  points  on the convergence of  
l i f t  and aerodynamic center are shown i n  f i g u r e  1 for  rec tangular  wings  wi th  
A = 2 and  7.  These r e s u l t s  i n d i c a t e  t h a t  good r e s u l t s  are o b t a i n e d  f o r  t h e  
A = 7 wing with N = 2 and M = 10, whereas more chordwise and less spanwise con- 
t r o l  p o i n t s  are needed f d r  t h e  A = 2 wing. Figure 2 i l l u s t r a t e s  t h e  conver- 
gence of the near- and f a r - f i e ld  induced  d rag  fo r  t he  same two wings.  Note 
t h a t  t h e  f a r - f i e l d  i n d u c e d  d r a g  is  i n s e n s i t i v e  t o  b o t h  M and N f o r  t h e  A = 2 
and A = 7 wings. On the  o ther  hand ,  the  near - f ie ld  induced  drag  depends  on  both  
M and N ,  p a r t i c u l a r l y  f o r  t h e  A = 2 wing. 
CONCLUDING REMARKS 
The p r e s e n t  l i f t i n g - s u r f a c e  method fo r  r ec t angu la r  w ings  w a s  found 
t o  compare favorably with other methods, but i t  is  s impler  and requires  smaller 
computational times. The  number of  cont ro l  po in ts  requi red  for  convergence  of  
the  aerodynamic  charac te r i s t ics  is  dependent  on both the wing aspect  ra t io  and 
the  aerodynamic  parameter.  Convergence is f a s t  f o r  l i f t ,  p i t c h i n g  moment, 
aerodynamic  center,   far-field  drag,  and  spanwise l i f t  d i s t r i b u t i o n .  For t h e  
A = 7 wing two chordwise and about 10 spanwise control points gave good r e s u l t s ,  
whereas a t  least 4 chordwise and 8 spanwise  cont ro l  po in ts  are needed f o r  t h e  
A = 2 wing.  The fa r - f ie ld  induced  drag  is p a r t i c u l a r l y  i n s e n s i t i v e  t o  t h e  num- 
b e r  of c o n t r o l p o i n t s ,  w i t h  good r e s u l t s  f o r  N = 2 and M = 4 on both wings. 
Convergence is  s low fo r  t he  sec t ion  d rag  and aerodynamic center near the wing 
t i p s .  The near-f ie ld  drag converges more s lowly than any of  the other  para-  
meters. Other  planforms are p resen t ly  be ing  inves t iga t ed .  
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TABLE 1. RESULTS  FOR  RECTANGULAR  PLANFORM, A = 2 
Overall  Values 
Present 





1 Xac/C I 0.2097 1 0.2094 
2 nACD  /CL 1.0007 1.0007 
nACD /CL 0.9951 1.0108 
i 
ii 





1.1692  0.3827 
1.2331 
0.2588  0.9808 
0.5045 0.9239 
0.7257 0.8315 
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Figure 1.- Convergence of l i f t  and  aerodynamic cen te r  on  r ec t angu la r  
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Figure 2.- Convergence of near- and far-field induced drag on rec- 
tangular  wings,  A = 2 and 7. 
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